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Abstract

The Quraishi–Fahidy method [Can. J. Chem. Eng. 59 (1981) 563] was employed to derive characteristic dimensionless numbers for
the membrane-electrolyte, cathode catalyst layer and gas diffuser, respectively, based on the model presented by Bernardi and Verbrugge
for polymer electrolyte fuel cells [AIChE J. 37 (1991) 1151]. Monomial correlations among dimensionless numbers were developed and
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ested against experimental and mathematical modeling results. Dimensionless numbers comparing the bulk and surface-conv
onductivities, the electric and viscous forces and the current density and the fixed surface charges, were employed to describe th
hmic drop and its non-linear dependence on current density due to membrane dehydration. The analysis of the catalyst layer yield
inetic equivalents of the second Damköhler number and Thiele modulus, influencing the penetration depth of the oxygen reduction fro
n the pseudohomogeneous film model. The correlating equations for the catalyst layer could describe in a general analytical f
ossible electrode polarization scenarios such as electrode kinetic control coupled or not with ionic and/or oxygen mass transpor
or the gas diffusion-backing layer correlations are presented in terms of the Nusselt number for mass transfer in electrochemic
he dimensionless number-based correlating equations for the membrane electrode assembly (MEA) could provide a practical
uantify single-cell polarization results obtained under a variety of experimental conditions and to implement them in models of th
tack.
2005 Elsevier B.V. All rights reserved.
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. Introduction

It has been forecasted that polymer electrolyte fuel cells
PEFC) could reach widespread commercialization over the
ext one or two decades as low emission power sources

or a variety of applications ranging from electronic de-
ices to transportation. The large-scale commercialization of
uel cells hinges on both socio-economic ‘pull’ and tech-
ology ‘push’. Both factors are strongly dependent on the
erformance–cost relationship. Mathematical modeling has
een an integral part of fuel cell research and development,
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initially at the membrane-gas diffusion electrode assem
(MEA) level (coupled or not with transport phenomena
the flow channels)[1–12], followed up by attempts to devel
stack models with varying degree of completeness[13–16].

It is beyond the objective of this section to give a com
hensive review of these models. However, it must be n
that the modeling effort coupled with experimental valida
provided a fairly good phenomenological understandin
the physico-chemical and transport phenomena occurr
the MEA level and the projected impact on single-cell
formance. The mechanistic understanding of ion and w
transport in the polymer membrane-electrolyte together
first-principle-based analysis and the practical applicatio
these models for membrane performance predictions in
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Nomenclature

ac specific surface area of the catalyst layer
(m2 m−3)

AC acid capacity of the membrane (eq kg−1)
b Tafel slope for O2 reduction (V dec−1)
BW membrane basis weight (kg m−2)
Cb bulk concentration (mol m−3)
Cf fixed charge-site concentration of the mem-

brane (mol m−3)
DA–B binary gas diffusion coefficient (m2 s−1)
DH+ H+ diffusion coefficient in the bulk membrane-

electrolyte (m2 s−1)
DO2 dissolved O2 diffusion coefficient in the bulk

membrane-electrolyte (m2 s−1)
DO2,c effective dissolved O2 diffusion coefficient in

the membrane-electrolyte phase of the catalyst
layer (m2 s−1)

DaII the second Damk̈ohler number (electrochemi-
cal definition)

Eoc open-circuit cell voltage (V)
E0 standard potential for O2 reduction (V versus

SHE)
EW membrane equivalent weight (kg eq−1)
f electrochemical factor (=αF/RT) (V−1)
F Faraday’s constant (=96,487 C mol−1

electron or
C eq−1)

H Henry’s constant (Pa m3 mol−1)
i superficial current density in the membrane-

electrolyte phase (A m−2)
iL mass transfer limiting superficial current den-

sity (A m−2)
is superficial current density in the solid phase

(A m−2)
it total (operating) superficial current density

(A m−2)
kp membrane hydraulic permeability (m2)
kΦ electrokinetic permeability (m2)
k0 standard heterogeneous rate constant (m s−1)
l characteristic length (m)
n
sj

number of moles of electrons per mole of

speciesj (molelectronmol−1)
Nd number of dimensionless groups
NSI number of SI units
NuE mass transfer Nusselt number (electrochemi-

cal definition)
pd inlet air pressure in the diffuser (N m−2)
�p hydraulic pressure difference (N m−2)
qf fixed-negative surface charge density (C m−2)
rp membrane pore radius (m)
R universal gas constant (J mol−1 K−1)
Re Reynolds number
sj stoichiometric coefficient of speciesj (either

H+ or O2)

Sh Sherwood number
T temperature (K)
u ionic mobility (m2 s−1 V−1)
v0 superficial water velocity (m s−1)
Wa Wagner number
x gas mole fraction
y exponents and/or constants in the correlating

functions
zf charge number for the fixed sites of the proton

exchange membrane (=−1)
Z position along the MEA thickness
Zc catalyst layer thickness (m)
Zd diffuser thickness (m)
Zm ‘wet’ membrane thickness (m)

Greek symbols
α transfer coefficient for O2 reduction
γw water activity coefficient
η overpotential for O2 reduction (V)
θm membrane water uptake (m3 m−3)
κ membrane-electrolyte specific conductivity

(S m−1)
κ0 membrane-electrolyte specific conductivity at

zero current (i.e. open-circuit conditions)
(S m−1)

λ membrane water content (i.e. number of water
molecules per fixed ionic group)

µ dynamic viscosity (Pa s)
νp reaction front penetration depth inside the cat-

alyst layer (m)
π dimensionless number
ρ density (kg m−3)
σ electronic conductivity of the solid-matrix

phase (S m−1)
τ slope of theφE versusπ10 dependence
φ Thiele modulus
Φ the potential in the ionic conductor polymer

electrolyte phase (V)
Φs the potential in the solid, electronic conductor,

phase (V)
Ψ correlating function

Subscripts
c catalyst layer (it also refers to effective values

of parameters in the porous catalyst layer)
d gas diffusion layer (it also refers to effec-

tive values of parameters in the porous gas-
diffusion layer)

E related to electrodes and electrochemical sys-
tems

f fixed-negative charges on the membrane
l limiting value for linear dependence of the

membrane ohmic drop versus current density
L mass transfer limiting
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m proton exchange membrane (polymer elec-
trolyte)

s solid-matrix electronic conductor phase
t total (i.e. electronic and ionic conductor

phases)
w water phase
0 inlet to the gas-diffusion layer
1 catalyst/gas-diffusion layer interface
2 bulk membrane-electrolyte/catalyst layer in-

terface

ating fuel cells, is less developed and it is a subject of intense
research (for a review see[17]).

With the fuel cell development effort focusing increas-
ingly on stack engineering and optimization, there is a need,
as noted also by Appleby and co-workers[13], for com-
prehensive yet numerically less extensive equations descrip-
tive of the MEA performance in order to be easily imple-
mented into complex numerical models of the fuel cell stack.
Therefore, in parallel with phenomenological and mechanis-
tic models, empirical equations have been developed to de-
scribe the fuel cell voltageE as a function of current densityi.
The equation proposed by Chamberlain and co-workers (Eq.
(1)) showed good fit with experimentally measured data[18]:

E = Eoc − b log i − Ri − γ exp(ωi), (1)

whereb is the Tafel slope for oxygen reduction (V dec−1),
E andEoc the operating and open-circuit cell voltages, re-
spectively (V),i the superficial current density (A m−2), R
the area-specific ohmic resistance of the membrane (� m2),
γ (V) andω (m2 A−1) the empirical curve fitting parameters.

The exponential term in Eq.(1) expresses empirically the
mass transfer limitation of the polarization curve[18]. More-
over, the coefficientb in Eq.(1) is often used as an additional
curve fitting parameter.

Amphlett et al. developed an empirical model as well, to fit
t llard
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dimensionless ratios could be derived to provide, after testing
against experimental data, easy to use equations linking es-
sential physico-chemical properties with fuel cell operating
parameters.

Dimensional analysis, although a time-honored technique
(for a recent review see the monograph by Szirtes[20]),
as a stand-alone modeling method for chemical engineer-
ing is typically limited to simple cases of transport processes
where a list of variables could be straightforwardly compiled.
This approach is clearly not applicable to more complex sys-
tems especially those involving both transport phenomena
and chemical/electrochemical reactions. However, as noted
by Churchill, dimensional analysis applied to a mathemati-
cal model of the system, eliminates the uncertainty associated
with the selection of variables and useful quantitative results
in the form of dimensionless correlations could be obtained.
In those cases the dimensional analysis results could describe
the system to the extent of the mathematical model they are
based upon[21].

In a review of dimensional analysis applications for elec-
trochemical reactors, Selman also concluded that due to the
large number of interacting variables, ‘blind’ dimensional
analysis must be avoided and dimensional analysis could only
be useful when coupled with a mathematical model of the sys-
tem[22]. In the present work the dimensional analysis pro-
cedure developed by Quraishi and Fahidy[23] was applied
t red in
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p he
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t the
he experimentally obtained polarization curves of a Ba
uel cell [19]. The features of their cell voltage model we
inear dependence of the internal resistance on current de
nd temperature, and logarithmic dependence of the ov

ential on both current density (i.e. Tafel regime) and ef
ive oxygen concentration coupled with a linear tempera
unction correlated by respective parametric coefficients

While the proposed empirical equations are succe
n describing the overall single-cell polarization there is
nherent lack of transparency associated with them, w
ould restrict the applicability to the specific conditions
ossibly cell designs used in determining the empirica
ameters.

The goal of the present investigation was to determ
haracteristic dimensionless numbers for each compon
he MEA (exemplified on the cathode side,Fig. 1) and fur-
hermore, to evaluate whether monomial correlations am
o the variables, parameters and constants encounte
he one-dimensional MEA model presented by Bernard
erbrugge[4,5]. Furthermore, monomial correlating fun

ions among dimensionless numbers are proposed and
gainst experimental data and mathematical modeling re

rom the literature.

. Model summary of the membrane-gas diffusion
lectrode assembly

Fig. 1 shows schematically the three components o
EA, gas diffusion layer, catalyst layer (i.e. reaction zo
nd the membrane-electrolyte. Here the MEA is describ
elation to the cathode reaction:

O2 + 4H+ + 4e− ⇔ 2H2O,

E0 = 1.23 VSHEat 298 K. (2)

The Bernardi–Verbrugge model, selected as basis fo
imensionless analysis, has been discussed extensiv

he literature and compared to experimental results[4,5].
t is essentially based on the macroscopic, volume a
ged, porous electrode model[24], coupled on the mem
rane side with the dilute electrolyte assumption for ion tr
ort and Schl̈ogl’s equation for water transport, whilst t
tefan–Maxwell equation and material balance equation
mployed to describe the gas diffuser. Ohm’s law, writte

erms of effective conductivities, is applied to describe
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Fig. 1. Schematic representation of the membrane-gas diffusion electrode assembly (MEA) on the cathode side of the polymer electrolyte fuel cell.

potential drop in the electronic and ionic conductive phases
of the porous electrode as a function of current density.

The transfer current per unit electrode volume between
the solid-matrix and polymer electrolyte phases for the ca-
thodic direction of oxygen reduction (Eq.(2)), considering
first-order kinetics with respect to dissolved oxygen concen-
tration and the proton concentration effect factored in the rate
constant, is given by

di

dZ
= n

sO2

Fack
0CO2 exp(−f (Φs − Φ − E0))

= aci0

(
CO2

CO2,ref

)
exp(−f (Φs − Φ − E0)), (3)

where f = αF
RT

, ac the specific surface area of the cata-
lyst layer,CO2 the actual dissolved O2 concentration in the
polymer electrolyte phase of the catalyst layer,CO2,ref a
reference O2 concentration at which the exchange current
density is specified,E0 the standard potential for the O2
electrode,F the Faraday’s constant,k0 the standard het-
erogeneous rate constant,i0 the exchange current density
(i0 = (n/sO2)Fk0CO2,ref), n the number of electrons involved
in O2 reduction,sO2 the stoichiometric coefficient for O2, R
the universal gas constant,T the temperature,Z the position in
the catalyst layer,α the cathodic transfer coefficient for O2 re-
duction, whileΦ andΦ the potentials in the solid electronic
c .
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w con-
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water velocity in the membrane andµ the water (i.e. pore-
fluid) dynamic viscosity.

The complete set of model equations for membrane, cat-
alyst layer and gas diffuser are presented in the work of
Bernardi and Verbrugge[4,5]. The associated list of vari-
ables, parameters and constants as applied in the dimensional
analysis, are presented inTables 1–3.

3. Dimensional analysis technique

In the present work the Quraishi–Fahidy method[23] has
been applied to identify the dimensionless numbers describ-
ing the behaviour of the proton exchange membrane, catalyst
layer and gas-diffusion layer according to the model outlined
in the previous section. The Quraishi–Fahidy dimensional
analysis technique comprises the following steps: (1) a list
containing all the variables, parameters and constants with
their respective SI units (using unity for dimensionless quan-
tities) is complied, based on the governing model equations
(algebraic, differential and/or integral); (2) each dimensional
quantity on the list is divided by its SI units, generating quan-
tity per unit ratios (or groups); (3) consideringNSI the total
number of independent SI units involved in the model, a num-
ber ofNSI quantity-unit groups are selected such that to have
t en-
c f
t sig-
n unit
g en-
s
p bers
π r to
o sion-
l mbers
w

ma-
r teris-
s
onductor and polymer electrolyte phases, respectively

Schl̈ogl’s equation for water transport in the membr
onsiders water movement due to both hydraulic pres
radient dp/dZ, and electroosmotic drag, which is prop

ional to the potential gradient across the membrane dΦ/dZ
4]:

m = −kp

µ

dp

dZ
+ kΦ

µ
zfCf

dΦ

dZ
(4)

ith Cf fixed surface charge-site (i.e. sulfonate group)
entration;kp, kΦ the hydraulic and electrokinetic membra
ermeability, respectively;zf the charge number;vm the ne
he simplest possible mathematical form and all SI units
ountered to be represented in theNSI groups; (4) each o
he NSI number of groups is assigned a value of 1, de
ated as ‘primary’ groups; (5) the rest of the quantity-
roups on the list are converted into an initial set of dim
ionless numbersπi, by substituting the units using theNSI
rimary groups; (6) the initial set of dimensionless num
i is further transformed by algebraic manipulation in orde
btain as many as possible conventionally known dimen

ess numbers and/or to generate new dimensionless nu
ith clear physico-chemical meaning.
Tables 1–3illustrate the outlined procedure and sum

ize the set of dimensionless numbers that are charac
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Table 1
Dimensional analysis of the membrane

Number Quantity Primary SI units Quantity/units Dimensionless numbersπi

Initial πi Transform Finalπi

1 i (=it) A m−2 i m2

A 1 – –

2 Zm m Zm
m 1 – –

3 |zf |Cf mol m−3 |zf |Cf m3

mol 1 – –

4 ρ kg m−3 ρ m3

kg 1 – –

5 µ kg m−1 s−1 µ m s
kg 1 – –

6 DH+ m2 s−1 DH+ s

m2
DH+ ρ

µ
1
π1

π1 = µ
DH+ ρ

7
(

n
sH+

)
F A s mol−1 nF mol

sH+ A s
nF |zf |Cf �
iZmsH+ ρ

1
π2

π2 = iZmsH+ ρ

nF |zf |Cfµ

8 CO2 mol m−3 CO2 m3

mol
CO2
|zf |Cf

– π3 = CO2
|zf |Cf

9 kp�p kg m s−2 (kp�p) s2

kg m
(kp�p)ρ

µ2 – π4 = (kp�p)ρ
µ2

10 kΦ�Φ kg m4 A−1 s−3 (kΦ∆Φ) A s3

kg m4
(kΦ�Φ)iρ2Zm

µ3 π5π2π4 π5 = n|zf |CfF (kΦ�Φ)
sH+ kp∆p

11 κ A2 s3 kg−1 m−3 κ kg m3

A2 s3
κµ3

i2Z4
mρ2

π6
π2

2
π6 = κµs2

H+
(nF |zf |Cf )

2Z2
m

12 DO2 m2 s−1 DO2 s

m2

DO2ρ

µ
1
π7

π7 = µ
DO2ρ

tic for the membrane, catalyst and gas-diffusion layer, re-
spectively. For all three casesNSI = 5 (i.e., kg, m, s, mol
and A).Thus, the proton exchange membrane could be char-
acterized by 7 dimensionless numbers,π1, . . .,π7, the cat-

alyst layer by 11 numbers,π0, π8, . . .,π17, while the gas-
diffusion (or backing) layer could be described using 8 num-
bers,π18, . . .,π25. The physico-chemical significance and
implications of the obtained dimensionless numbers for the

Table 2
Dimensional analysis of the cathode catalyst layer

Number Quantity Primary SI units Quantity/units Dimensionless numbersπi

Initial πi Transform Finalπi

1 i A m−2 i m2

A 1 – –

2 Zc m Zc
m 1 – –

3 CO2 mol m−3 CO2 m3

mol 1 – –

4 ρ kg m−3 ρ m3

kg 1 – –

5 µ kg m−1 s−1 µ m s
kg 1 – –

6 e−f (Φs−Φ−E0) – – e−f (Φs−Φ−E0) – π0 = e−f (Φs−Φ−E0)

7 DO2,c m2 s−1 DO2,c s

m2

DO2,cρ

µ
1
π8

π8 = µ
DO2,cρ

8 ack
0 s−1 (ack

0) s (ack
0)ρZ2

c
µ

π9
π8

π9 = (ack
0)Z2

c
DO2,c

9
(

n
sO2

)
F A s mol−1 nF mol

sO2 A s
nFCO2 �

sO2 iZcρ
π8
π10

π10 = iZcsO2
nFDO2,cCO2

10 it A m−2 it m2

A
it
i

– π11 = it
i

11 |zf |Cf mol m−3 |zf |Cf m3

mol
|zf |Cf
CO2

– π12 = |zf |Cf
CO2

1
2

1 s3

1

1

1

2 kp,c�p kg m s−2 (kp,c�pc) s
kg m

3 kΦ,c�Φ kg m4 A−1s−3 (kΦ,c�Φ) A
kg m4

4 �Φs kg m2 A−1 s−3 �Φs A s3

kg m2
5 κc A2 s3 kg−1 m−3 κc kg m3

A2 s3

6 σc A2 s3 kg−1 m−3 σc kg m3

A2 s3
(kp,c�pc)ρ
µ2 – π13 = (kp,c�pc)ρ

µ2

(kΦ,c�Φ)iρ2Zc

µ3
π14π13π10

π8π12
π14 = n|zf |CfF (kΦ,c�Φ)

sO2kp,c�p

�ΦsiZ
3
cρ2

µ3
π15π13π10

π8π12
π15 = n|zf |CfF�ΦsZ

2
c

sO2kp,c�p( ) 2

κc µ3

i2Z4
cρ2 π16

π8π12
π10

2
π16 = κcµsO2

(n|zf |FCf )
2Z2

c

σc µ3

i2Z4
cρ2 π17

(
π8π12
π10

)2
π17 = σcµs2

O2
(n|zf |FCf )

2Z2
c
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Table 3
Dimensional analysis of the gas diffusion-backing layer

Number Quantity Primary SI units Quantity/units Dimensionless numbersπi

Initial πi Transform Finalπi

1 is (=it) A m−2 is m2

A 1 – –

2 Zd m Zd
m 1 – –

3 ρ kg m−3 ρ m3

kg 1 – –

4 µ kg m−1 s−1 µ m s
kg 1 – –

5 �xO2
pd
RT

mol m−3 �xO2pd m3

RT mol 1 – –

6 DN2–O2,d m2 s−1 DN2–O2,d s

m2

DN2–O2,dρ

µ
1

π18
π18 = µ

DN2–O2,dρ

7 Dw–air,d m2 s−1 Dw–air,d s
m2

Dw–air,dρ

µ
1

π19
π19 = µ

Dw–air,dρ

8 xw,sat

(
= pw,sat

pd

)
– – xw,sat – π20 = xw,sat

9 xN2 – – xN2 – π21 = xN2

10 v0,d m s−1 v0,d s
m

v0,dρZd
µ

– π22 = v0,dρZd
µ

11
(

n
sO2

)
F A s mol−1 nF mol

sO2 A s
nF�xO2pdµ

isZdsO2ρRT
π18
π23

or π19
π23,w

π23 = issO2ZdRT

nFDN2–O2,d�xO2pd
or π23,w = issO2ZdRT

nFDw–air2,d�xO2pd

12 �Φs kg m2 A−1 s−3 �Φs A s3

kg m2

�ΦsisZ
3
d
ρ2

µ3
π24π22π23

π18
π24 = nF�ΦsZd

sO2v0,dµ

(
�xO2

pd
RT

)
13 σd A2 s3 kg−1 m−3 σd kg m3

A2 s3
σdµ3

i2Z4
d
ρ2 π25

π2
18

π2
23

π25 = σdµ(
n

sO2
F�xO2

pd
RT

)2

Z2
d

membrane-gas diffusion electrode assembly analysis are dis-
cussed in the next paragraph.

Furthermore, the relation among dimensionless numbers
(i.e. correlating equations) can be represented as

πn = Ψ{πj |j = 1, ..., (Nd − 1)}, n �= j, (5)

whereNd is the number of dimensionless groups describing
the system,πn a dimensionless number containing the de-
pendent variable, andΨ a correlating function, that is either
monomial or non-monomial[20]. The monomial (i.e. power
series) form is

πn = y0π
y1
1 πy2

2 · · · πNd−1
yNd−1 (6)

with yj |j = 1, . . . , (Nd − 1) numeric exponents andy0 a
constant coefficient. The numeric exponents and constant
could be determined by regression using experimental data
relating the dependent variable entering the expression ofπn

to independent variables and parameters composingπj, cou-
pled with asymptotic and speculative analysis as shown by
Churchill and co-workers[25–27].

The case whenΨ is of non-monomial form (i.e., it in-
cludes one or more of the following: addition, subtraction, or
transcendental functions ofπj) leads to multiple coefficients
y0 (at least two[20]). Therefore, the quantitative interpreta-
tion and analysis of the dimensionless correlation becomes
m tua-
t is
t s to
a

In the next paragraph the characteristic dimensionless
numbers and the applicability of monomial correlating equa-
tions for the membrane, catalyst layer and gas-diffusion layer,
are discussed.

4. Results and discussion

4.1. Dimensionless numbers and monomial correlating
equations for the membrane

Table 1shows the seven dimensionless numbers, which
are characteristic for the membrane, obtained by applying
the Quraishi–Fahidy technique to the variables and parame-
ters encountered in the model. The dimensionless ratiosπ1
andπ7 are membrane Schmidt numbers relating the pore-
fluid (i.e. water) viscosity to the proton and dissolved O2
diffusion coefficients, respectively, whilstπ3 is simply the
concentration ratio of dissolved O2 and fixed charges.

The dimensionless numberπ2 (Table 1and Eq.(7)) on
the other hand is new, and it relates the current densityi,
membrane thicknessZm, and the fixed surface charge con-
centration|zf |Cf (which, based on electroneutrality is equal
to the membrane proton concentration,|zf |Cf = CH+ ), with
the pore-fluid dynamic viscosityµ and densityρ. Moreover,
π

π

ore difficult as compared to the monomial function si
ion. To detect a non-monomialΨ , the typical procedure
o assume initially a monomial form and to prove it lead
contradiction or impossibility[20].
2 could be expressed as

2 = iZmsH+ρ

nF |zf |Cfµ
= iZmsH+

nFDH+CH+

DH+ρ

µ
= π∗

2

π1
. (7)
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In Eq. (7), the ratioπ∗
2 has an expression mathematically

similar but conceptually different than the mass transfer Nus-
selt number for electrochemical systemsNuE, introduced by
Ibl [28]:

NuE = il

nFD�C
, (8)

where�C is the concentration difference between the bulk
and electrode interface,D the diffusion coefficient,l the char-
acteristic length andn the number of electrons. For mass
transfer limiting conditions, i.e.�C = Cb and i = iL, the di-
mensionless ratio given by Eq.(8) is commonly referred to
as the Sherwood number[23,29].

Considering that the proton concentration in the mem-
brane is constant, the interpretation given forNuE is not
applicable toπ∗

2. Substituting the Nernst–Einstein equation,

DH+ = uH+RT

F
, which is based on the commonly employed

infinite-dilution assumption, shows thatπ∗
2 expresses the ra-

tio between the total (i.e. migration plus convection) proton

flux in the membrane pore fluid
(
= isH+

nF

)
and the migra-

tion flux corresponding to a unitary, 1 V, potential difference

across the membrane
(
= uH+CH+

Zm

)
.

It must be noted thatDH+ increases with membrane wa-
ter content[30], which in turn is a function of the operating
conditions of the fuel cell. Furthermore, the water content
a
( e an-
o t
v sion-
l r
g

-
t ore-
fl ulic
p
l er,
R

een
i lit-
e n
o the
m -
c inetic
a e
c
(

π

the
p tro-
o rce
( es-
s of the
m

The dimensionless ratioπ6 on the other hand, relates the
bulk (or actual) specific ionic conductivity of the membrane
κ to the surface-convective conductivity, which is related to
the fixed surface charge densityqf (C m−2):

π6 = κµ

(|zf |FCf )2Z2
m

= κµ

q2
f

≡ bulk (actual) proton conductivity

surface-convective proton conductivity
. (10)

In the analysis of electrokinetic phenomena, Newman in-
troduced a dimensionless ratio conceptually similar to1

π6
,

i.e.,
q2

dl
µκ

, whereqdl is the surface charge density in the diffuse
double layer andκ is the specific conductivity at the center of
the capillary. The surface-convective conductivity is propor-

tional to
q2

dl
µ

and it is due to the convective transport of ions
by the fluid moving in the diffuse layer under the action of
the electric field[32]. This concept is applicable to the pro-
ton exchange membrane, where the convective surface proton
conductivity can be considered proportional to the square of
the fixed surface charge densityqf .

Thus,π6 compares the proton conductivity of the mem-
braneκ, which is dependent on the actual operating con-
ditions (e.g., membrane water content and temperature as
s ve
c ico-
c
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i
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ine
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c rane
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cross the membrane thickness might not be uniform[31]
e.g., the cathode side could be more hydrated than th
de side) hence,DH+ and implicitlyπ∗

2 could have differen
alues across the thickness of the membrane. The dimen
ess numberπ2 on the other hand (Eq.(7)), is constant unde
iven operating conditions.

The dimensionless numberπ4 in Table 1is a ratio of iner
ial to viscous forces with respect to the membrane p
uid, where the inertial force is related to the hydra
ermeability–pressure difference productkp�p (Darcy’s

aw). Thus,π4 is a membrane pore-fluid Reynolds numb
em.

Additionally, two new dimensionless numbers have b
dentified, which were not discussed previously in the
rature,π5 andπ6, respectively (Table 1). The expressio
f π5 includes the potential difference (or drop) across
embrane-electrolyte�Φ, in relation with certain physico

hemical properties of the membrane such as electrok
nd hydraulic permeabilities,kΦ and kp, and fixed-surfac
harge concentration|zf |Cf . Sincen = 4 andsH+ = 4 (Eq.
2)), π5 is given by

5 = |zf |FCf (kΦ�Φ)

kp�p
≡ electrical force

inertial force
. (9)

Thus,π5 could be interpreted as the ratio between
ore water velocity induced by the electrical force (elec
smotic drag) and the velocity due purely to the inertial fo
see also Eq.(4)). �p is defined here as the hydraulic pr
ure difference between the cathode and anode side
embrane.
hown by Eq.(11)), with the intrinsic surface-convecti
onductivity of the membrane determined by the phys
hemical properties of the membrane.

Based on the studies of Zawodinski et al.[33], Meier and
igenberger[31] established the following equation desc

ng the water contentλ and temperatureT dependence ofκ
S m−1):

κ = (0.46λ − 0.25) exp

[
−1190

(
1

T
− 1

298.15

)]
,

0 < λ < 30. (11)

However, in operating fuel cells it is difficult to determ
xperimentally either the in situ water content or the spe
onductivity of the membrane. Furthermore, the memb
pecific conductivity could be anisotropic across its thick
31,34]. Therefore, in the absence of relevant data under
ell operating conditions, in the expression ofπ6, κ could be
pproximated with the in situ specific conductivity at z
urrent (i.e., at open-circuit conditions)κ0.

Büchi and Scherer reported for Nafion® membranes o
100 g eq−1 equivalent weight, that the in situ specific c
uctivity at zero currentκ0, was approximately constant
iven temperature and humidification conditions for m
rane thickness greater than about 150�m (e.g., 10 S m−1

t 333 K, dry O2 feed/humid H2, for N105 and N117 mem
ranes of ‘wet’ thickness 163 and 203�m, respectively)[34].
owever, the same authors observed that for thinner m
ranes (i.e., ‘wet’ thickness less than about 150�m such a
112: 60�m, NE 1135: 88�m and N115: 148�m) the thin-
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ner the membrane the lower the specific conductivity at zero
current[34]. Discounting potential experimental errors, these
differences were explained by conductivity anisotropicity at
the membrane boundary layer adjacent to the gas-diffusion
electrode structure[34].

The seven dimensionless numbers given inTable 1in con-
junction with a correlating functionΨ could be employed to
describe and analyze the membrane behaviour. To simplify
the correlating function, the effect of the dissolved O2 con-
centration on the membrane potential drop, expressed byπ3
andπ7, was neglected. This assumption implies a complete
consumption of O2 in the catalyst layer.

Employing a monomial correlating function (Eq.(6)), and
considering�Φ the dependent variable, the membrane be-
haviour could be described as

π5 = y0,mπy2
2 πy4

4 πy6
4 , (12)

( |zf |FCf (kΦ�Φ)

kp�p

)
= y0,m

(
iZmsH+ρ

nF |zf | Cfµ

)y2

×
(

(kp�p)ρ

µ2

)y4
(

κ0µ

q2
f

)y6

. (13)

The correlating equation(13)describes in a dimensionless
form, the potential drop across the membrane as a function
o ico-
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Fig. 2. Correlations between dimensionless numbersπ5 andπ2 for selected
Nafion and Dow membranes. Data points from the study of Srinivasan et al.
[35]. Dry membrane thickness: (�) 50�m (Nafion), (©) 100�m (Nafion),
(�) 125�m (Dow), (�) 175�m (Nafion).�p = 1 atm, 368 K.

175–183�m (N117,Figs. 2 and 3) a deviation from linearity
was obtained, reflected byy2 of 1.3. In the case of uniformly
and well-hydrated membranes a linear behaviour is expected
for the membrane potential drop as a function of current den-
sity described by Ohm’s law[39]. The latter condition and,
therefore, the applicability of Ohm’s law is likely to be met
at low current densities and in the case of ‘thin’ membranes
(e.g., up to about 100�m ‘dry’ thickness). These criteria can
be better expressed using the dimensionless numberπ2 (Eq.
(7)) by defining a linear-region limitingπ2,l ratio. Based on
Fig. 2, π2,l ∼= 0.035, whilstπ2,l ∼= 0.02 in the case ofFig. 3.
Therefore, whenπ2 ≤ π2,l the membrane ohmic drop can be
estimated with�Φ = iZm/κ0.

However, forπ2 >π2,l (i.e. a combination of high cur-
rent density, ‘thick’ membrane and/or low fixed charge-site
concentration, Eq.(7)) the ohmic drop behaviour as a func-

F
N erger
[
�

f the open-circuit specific conductivity, membrane phys
hemical properties and fuel cell operating conditions. N
xamples are given for the determination ofy2, y4, y6 and
0,m using literature studies of the membrane ohmic pote
rop.

Srinivasan et al. presented experimentally measure
oltage data obtained at 368 K with H2/O2 at 4/5 atm, a

function of membrane physico-chemical characteri
i.e., Nafion® and proprietary Dow) and thickness (i
100 g eq−1 Nafion® of 50, 100 and 175�m ‘dry’ thickness)
he membrane ohmic drop was estimated from the cell
ge using a proposed cell polarization equation and aff
inetic parameters[35]. Furthermore, Meier and Eigenberg
eported the membrane ohmic drop as a function of cu
ensity for Nafion® membranes N112, NE1135, N115 a
117, at 353 K with H2/O2 at 2/2 bar[31].
Figs. 2 and 3show the dependence ofπ5 on π2, ex-

racted from the data reported in references[35] and [31],
espectively, and fitted to Eq.(12) extrapolated toπ2 = 0.
he hydraulic pressure drop was 1 atm inFig. 2and 0.1 atm
as assumed for the conditions relevant toFig. 3. The cur-

ent density ranges were: 5000–14,000 A m−2 (Fig. 2) and
000–12,500 A m−2 (Fig. 3), respectively. The membra
hysico-chemical properties are summarized inTable A1
Appendix A). The literature data was fitted to Eq.(12)writ-
en asπ5 = y∗

0,mπy2
2 .

Figs. 2 and 3show that the ‘thin’ Nafion membranes (‘dr
hickness≤ 100�m such as N112) and the Dow membra
ere characterized by a linear dependence ofπ5 onπ2. How-
ver, for Nafion ‘dry’ thickness of 127�m (N115,Fig. 3) and
ig. 3. Correlations between dimensionless numbersπ5 andπ2 for selected
afion membranes. Data points from the study of Meier and Eigenb

31]. Nafion membrane types: (�) N112, (©) NE1135, (�) N115, (�) N117.
p = 0.1 atm, 353 K.
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Table A1
Membrane properties

Membrane
type

Typical ‘dry’
thickness (�m)

Basis weighta

(kg m−2)
‘Wet’ thicknessc

(�m)
Acid capacity
(eq kg−1)

Fixed charge-site concentrationCf ,
on ‘wet’ membrane basis (mol m−3)f

N112 51a 0.10 58 0.89d 1534
NE1135 89a 0.19 102 idem 1658
N115 127a 0.25 145 idem 1534
N117 183a 0.36 209 idem 1533
Dow 125–130b NA 148 1.13b 1918e

a Membrane conditioned at 296 K and 50% relative humidity (RH)[36]. Note the Nafion membranes of 50, 100 and 175�m dry thickness from Ref.[35]
were considered to have similar characteristics as N112, NE1135 and N117, respectively.

b Refs.[35,37].
c Estimated from the ‘dry’ thickness using a 14% thickness increase from 296 K at 50% RH to water soaked at 373 K[36].
d From Ref.[36].
e Estimated assuming a 25% higher fixed charge-site concentration for the Dow membrane as compared to N117[5].
f TheCf values for the Nafion membranes are close to the average of 1591 mol m−3 given in Ref.[38] for the 1100 series Nafion.

tion of current density deviates from linearity. This is further
supported by a separate study showing the increase of the
experimentally measured in situ membrane resistance with
current density for membrane ‘wet’ thickness greater than
about 150�m (such as N117,Appendix A and Table A1)
[34]. Thus, a value ofy2 > 1 in Eq.(13)shows that the mem-
brane resistance increases with current density, possibly due
to dehydration of some parts of the membrane (most likely
on the anode side) during the operation of the fuel cell.

Furthermore, Eq.(13)estimates fairly well the membrane
thickness effect on the ohmic potential drop. In the experi-
mental study of B̈uchi and Scherer, at a current density of
5000 A m−2 for N117 approximately a 2.5 times increase
of the in situ membrane resistance was projected when the
‘wet’ thickness of N117 was doubled from 200 to 400�m
[34]. According to Eq.(13) for N117 withy2 = 1.3, doubling
the thickness at a constant current density implies an ohmic
drop increase by a factor of about 2.5.

It is interesting to note at this point, that in the phenomeno-
logical modeling of the Ballard Mark IV fuel cell Amphlett
et al. established a linear dependence for the internal cell
resistance (due mainly to membrane N117 ohmic loss) as
a function of current density[19]. However, the same au-
thors also noted that quadratic and other forms of non-linear
effects for current density and temperature could be also pos-
sible. Thus, the non-linear dependence of membrane ohmic
l here
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f one
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by y4 <−1, since an increase ofkp�p would decrease the
ohmic potential drop. In the present work for N117 it was
assumed thaty4 =−1.05, allowing for approximately a 10%
decrease of�Φ for a 10-fold increase ofkp�p.

The exponenty6 can be estimated from a fit ofπ5 as a
function ofπ6 corresponding to different open-circuit condi-
tions of humidity and/or temperature, effectingκ0 (Eqs.(10)
and (11)). In the expression ofπ6, Eq.(10), the fixed surface
charge densityqf , is defined per geometric cross-sectional
area. However, it is more relevant to expressqf as the charge
per total (or effective) membrane surface area. The latter was
calculated using the equation presented by van der Stegen et
al. assuming a straight and parallel cylindrical pore model for
the membrane[41]:

qf = (1 − θm)|zf |CfFrp

2θm
, (14)

whererp is the membrane pore radii (m) andθm the water up-
take of the membrane per volume basis (m3 m−3). An average
pore radius of 2 nm was assumed for the Nafion membranes,
based on the study by Divisek et al. indicating that the lat-
ter average pore radius corresponds to the highest fraction of
water uptake and pore volume[42]. The pore size of the Dow
membrane on the other hand, is about 25% smaller compared
to Nafion of similar thickness[43], therefore,rp = 1.5 nm.

For membranes with sulfonate charge sites,θ can be
e

θ

w q
1
A r
λ

d
i
a st,
θ -
b

oss as a function of current is plausible as suggested
or N117.

Regarding the exponenty4 in Eq. (13), which reflects th
ater permeability effect on the membrane ohmic drop

ortunately neither the study by Srinivasan et al. nor the
y Meier and Eigenberger do not present enough data
ould be used to estimatey4 independently. However, bas
n the work of Springer et al. showing that the high-freque
ell resistance under well-humidified conditions is indep
ent of the pressure difference�p [40], it is considered tha
nder well-humidified conditions�Φ is virtually unaffected
y kp�p (i.e. the streaming potential contribution can be
lected). The well-humidified membrane condition yieldy4
qual to−1. Dehydration on the other hand, is character
m
stimated by[41]:

m = 0.646+ 0.604γw + 0.112γ2
w − 0.935EW

+0.36EW2 − 0.441EWγw, (15)

here EW is the membrane equivalent weight (kg e−1,
.123 kg eq−1 Nafion and 0.885 kg eq−1 Dow, seeAppendix
) andγw is the water activity coefficient (∼0.9 to 0.975, fo
= 9–14[38]).
From Eqs.(14) and (15)for the conditions explore

n Figs. 2 and 3it was found that θm = 0.21 m3 m−3

nd qf = 0.55–0.6 C m−2 for the Nafion membranes whil
m = 0.45 m3 m−3 and qf = 0.17 C m−2 for the Dow mem
rane, respectively.
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As an example for the determination ofy6 the N117 mem-
brane was employed. Theπ6 ratio between the conditions of
Figs. 3 and 2, was calculated usingκ0 = 13.2 S m−1 (353 K
andλ = 16) and 10.3 S m−1 (368 K andλ = 11), respectively.
From Eq.(13), using theπ5 ratio betweenFigs. 3 and 2(i.e.,
equal to 11.5 forπ2 = const.) and the previously determined
exponents, yieldedy6 =−1.3 for N117.

Furthermore, it is interesting to note that theπ6 values
were between 0.010 and 0.016 for the Nafion 1100 series and
0.23 for the Dow membrane, respectively. These ratios indi-
cate that the actual membrane conductivity for Nafion is up to
two orders of magnitude smaller than the surface-convective
conductivity supporting, therefore, the hypothesis that the
membrane proton conductivity is not predominantly surface
mechanism-based[44]. However, the approximately twenty
times higherπ6 ratio for the Dow membrane compared to the
Nafion, suggests that in the case of the former the surface-
convective mechanism plays a more significant role.

Based on the proposed dimensionless groups and mono-
mial correlating function, forπ2 >π2,l the ohmic drop for
the N117 membrane under the conditions presented in
Figs. 2 and 3can be expressed as( |zf | FCf (kΦ�Φ)

kp�p
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=
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where commonly the transfer coefficientα = 0.6− 1 based
on experimentally measured Tafel slopes for O2 reduction
in acid [39,40]. For negligible ohmic potential drop in both
the electronic (solid-matrix) and ionic (polymer electrolyte)
conductive phases of the catalyst layer, the overpotential in
Eq.(17)is constant across the catalyst layer thickness[4,32].

The dimensionless numberπ9 (Table 2) compares the in-
trinsic kinetic rate of the electrode reaction with the effective
rate of O2 diffusion in the catalyst layer (Eq.(18)). Therefore,
π9 could be considered the electrode kinetic equivalent of the
second Damk̈ohler numberDaII (for a review see[22]). A low
DaII in the present case means that the effective O2 diffusion
rate is high across the catalyst layer thickness compared to
the intrinsic electrode kinetic rate defined atE0 (note thek0

in Eq.(18)).
Furthermore, it is easily recognized that the square root of

π9 is similar to the expression of the Thiele modulusφ for
first-order kinetics[45]:

π9 ≡ DaII = (ack
0)Z2

c

DO2,c
= φ2, (18)

whereac is the specific surface area of the catalyst layer,
DO2,c the effective O2 diffusion coefficient in the catalyst
layer,k0 the standard heterogeneous rate constant andZc the
catalyst layer thickness.
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5 × 10−3 iZmsH+ρ

nF |zf | Cfµ

1.3 (kp�p)ρ

µ2

−1.05
κ0µ

q2
f

(16

ote that as discussed previously, in Eq.(16) the specific
onductivity at open-circuit conditions is used, which is m
eadily accessible experimentally and/or by calculatio
ompared to the in situ specific conductivity.

The coefficienty0,m in Eq. (16), can be interpreted as t
alue ofπ5 in the particular case whenπ2 =π4 =π6 = 1. Since
ypical values ofπ4 andπ6 are about 10−4 to 10−3 and 10−2

o 10−1, respectively, the special case ofπ4 =π6 = 1 indicates
combination of high hydraulic water permeability and io
onductivity, therefore, it is expected thaty0,m< 1 (see als
q. (9)).

.2. Dimensionless numbers and monomial correlating
quations for the catalyst layer

Table 2shows the dimensionless numbers describing
atalyst layer. The exponential term containing the elect
otential (Φs− Φ) was assigned to the dimensionless n
er π0. Equivalent forms forπ0 can be written in terms o
verpotentialη =Φs− Φ − E0 (as defined in Ref.[39]) and
afel slope for O2 reductionb = 2.3RT/αF:

0 = exp(−f (Φs − Φ − E0)) = exp

(
−αF

RT
η

)

= exp

(
−2.3

b
η

)
, (17)
The Thiele modulus as defined by Eq.(18) is related to
he standard heterogeneous rate constant. However, it
ortant to consider also the electrode potential depend
y employing the productπ9π0. Thus, from Eqs.(17) and
18) an overpotential-dependent Thiele modulusφE can be
efined as

9π0 = φ2
E = (ack

0)Z2
c

DO2,c
exp

(
−2.3

b
η

)

= DaII exp

(
−2.3

b
η

)
. (19)

The electrode potential-dependent Thiele modulusφE =
π9π0, reflects the catalyst layer utilization efficiency a

enetration depth. It must be noted that Perry, Newman
airns in the analysis of liquid-electrolyte fuel cells, int
uced a Thiele modulus conceptually similar toφE but ex-
ressed in terms of the porous catalyst agglomerate r

nstead ofZc [46]. The variant given in the present wo
n the other hand, is based on the pseudohomogeneou
odel of the catalyst layer.
From Eq.(18) for Zc = const., the higherφ or DaII the

maller the penetration depth of the O2 reduction front insid
he catalyst layer. Furthermore, from Eq.(19), for the sam
aII the more negative the cathode overpotential, the h
E and consequently, the lower the penetration depth o
eaction front. For efficient utilization of the Pt-based c
ysts the physical thickness of the catalyst layerZc should be
pproximately equal to the penetration depthνp given by the
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following equations:

νp = Zc

φ
=
(

DO2,c

ack0

)1/2

, (20)

νp,E = Zc

φE
=
(

DO2,c

ack0

)1/2

exp

(
2.3

2b
η

)
. (21)

Eqs.(20) and (21)define the penetration depth in terms of
electrode kinetics coupled with O2 mass transport based on
the pseudohomogeneous film model. Newman and Tiede-
mann defined a porous electrode penetration depth for the
case of electrode kinetics in conjunction with ohmic limita-
tion [24]. Their ratio was also inversely proportional to the
square root of the specific surface area–exchange current den-
sity productaci0.

The rest of the dimensionless numbers inTable 2, i.e. from
π10 to π17, can be related to dimensionless numbers that
have already been introduced. Thus,π10 (Eq.(22)) could be
considered the Nusselt number for O2 transport in the cat-
alyst layer (see also Eq.(8) and Ref.[32]), assuming diffu-
sion across the entire catalyst layer thickness and fast elec-
trode reaction concentrated at catalyst layer/bulk membrane-
electrolyte interface (Fig. 1) with �CO2,c = CO2,1 − CO2,2,
whereCO2,2 = 0 and�CO2 = CO2,1 = CO2:

π
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ionic transport (i.e. ionic conductivity effect) and (IV) elec-
trode kinetics, O2 and ionic transport control. It is proposed
that the catalyst layer polarization curves corresponding to
the various operating regimes can be described in a dimen-
sionless form using a monomial correlating function andφ2

E
as the dependent variable:

φ2
E = y0,cπ

y10
10 πy16

16 πy12
12 , (25)

or explicitly,

(ack
0)Z2

c

DO2,c
exp

(
−2.3

b
η

)

= y0,c

(
iZcsO2

nFDO2,cCO2

)y10
(

κcµs2
O2

(n|zf |FCf )2Z2
c

)y16

×
( |zf | Cf

CO2

)y12

. (26)

To reduce the number of unknown exponents,π16 andπ12
could be combined in one term,π16,C, consideringy12 = 2y16,
which leads to the following equations:

φ2
E = y0,cπ

y10
10 πy16

16,C (27)
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iL,O2,c

. (22)

The concentrationCO2, corresponding to the catalyst/g
iffusion layer interface, can be calculated from Henry’s l
O2,1 = xO2,1pd/H with pd the inlet air pressure in the d

user,xO2,1 the O2 mole fraction at the catalyst/gas-diffusi
ayer interface andH is Henry’s law constant[4].

The numbersπ14 andπ15 on the other hand, express
hmic drop in the membrane-electrolyte�Φ and solid phase
Φs of the catalyst layer, respectively, similarly toπ5 but

aking into account the effective values in the porous m
f the respective physico-chemical constants,kΦ,c andkp,c.

The dimensionless numbersπ16 and π17 are similar to
6 (Table 1). Thus,π16 andπ17 compare the effective ion
c and electronicσc conductivities, respectively, with th
urface-convective proton conductivity of the membra
lectrolyte:

16 = κcµs2
O2

(n|zf |FCf )2Z2
c

= κcµ(
n

sO2

)2
q2

f

(23)

nd

17 = σcµs2
O2

(n|zf |FCf )2Z2
c

= σcµ(
n

sO2

)2
q2

f

. (24)

Regarding the polarization behaviour of the catalyst la
he following operating regimes can be identified[46]: (I) in-
rinsic electrode kinetic control, (II) mixed; electrode kin
cs and O2 mass transport control, (III) kinetics coupled w
(ack
0)Z2

c

DO2,c
exp −2.3

b
η

y0,c

(
iZcsO2

nFDO2,cCO2

)y10
(

κcµs2
O2

(nFCO2)2Z2
c

)y16

. (28)

For regime I: intrinsic electrode kinetic control, the
ective O2 diffusivity and ionic (i.e. proton) conductivity d
ot affect the performance, therefore, in Eqs.(27) and (28
imply y16 = 0 whiley10 = 1, with y0,c= 1 one obtains:

2
E = π10 (29)

nd

= n

sO2

FZcack
0CO2 exp

(
−2.3

b
η

)
. (30)

Moreover,y10was also determined from a fit ofηas a func
ion of ln i, with the slope equal to−y10b/2.3 from Eq.(29)
ritten asφ2

E = πy10
10 . The experimental cathode polarizat

urve at 5 atm neat O2 pressure reported by Springer et
Fig. 15, curve a, in Ref.[40]) was employed. For the curre
ensity range of 740–8000 A m−2, usingb = 0.085 V dec−1

40], it was found thaty10 = 1, confirming, therefore, the d
endence expressed by Eqs.(29) and (30).

In the case of mixed control according to regime II: e
rode kinetics coupled with O2 transport, usingy16 = 0 and
0,c= 1, the general equation is

2
E = πy10

10 (31)
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or

i = n

sO2

FCO2Zc
((2/y10)−1)(ack

0)
1/y10

× (DO2,c)
(1−(1/y10)) exp

(
− 2.3

y10b
η

)
. (32)

The general equation for regime II (i.e., Eq.(32)) shows
the characteristic multiple Tafel slope behaviour of the porous
electrode:

b∗ = y10b. (33)

Eqs.(31) and (32)show the power of dimensional analysis
to provide in a mathematically simple way a general analyti-
cal solution to a complex problem. Employing the experimen-
tal cathode polarization curve obtained by Springer and co-
workers at 5 atm air pressure (Fig. 15, curve b, in Ref.[40]),
y10 was determined from a fit to Eq.(31), as described previ-
ously. Using the current density range of 3000–9100 A m−2,
yieldedy10 = 2. Thus, according to Eq.(33) a double Tafel
slope was obtained for the catalyst layer operating on 5 atm
air, i.e.b* = 2b. The same Tafel slope was also obtained us-
ing the data for 2 atm O2/N2 mixture with 13.5 vol.% O2 for
current densities up to 5000 A m−2 [40]. Eq.(32) in the case
of y10 = 2 becomes
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Fig. 4. Catalyst layer: overpotential as a function of current density
for various oxygen reduction rate-limiting scenarios. Summary of condi-
tions:Zc = 10�m,κc = 0.25 S m−1, b = 0.085 V dec−1, ac = 2× 107 m2 m−3,
DO2,c = 2 × 10−8 m2 s−1, T = 353 K.

a half-order O2 concentration dependence of the current den-
sity is obtained. Hencey16 =−0.5 and Eq.(27)becomes

φ2
E = π2

10π
−1/2
16,C . (36)

From Eq.(36) the polarization equation in the case of
combined ionic and O2 mass transport control coupled with
electrode kinetics is

i =
√

n

sO2

Fack0DO2,c
CO2

Zc
(κcµ)1/2 exp

(
−2.3

2b
η

)
. (37)

To the knowledge of the author equations(36) and (37)are
the first analytical equations describing the proton transport
effect combined with kinetics and O2 transport (regime IV).
The current density shows a half-order dependence on the
O2 concentration as observed experimentally[40]. Moreover,
Eq.(37)gives a 1/4-order dependence ofi onκc, which pre-
dicts fairly well the current density ratios reported by Springer
et al., corresponding to 0.7 V cathode potential and effec-
tive ionic conductivities of the catalyst layer, of 0.5, 0.2 and
0.08 S m−1 (Fig. 7 in Ref.[40]).

Eq.(37)shows that in the case of both O2 and ionic trans-
port limitation, the current density is inversely proportional
with the square root of catalyst layer thickness for a constant
catalyst specific surface areaac. Therefore, a thin catalyst
l ns-
p yst
l re-
fl
d

m-
i be-
h
( on-
b me-
t
[

= n

sO2

FCO2(ack
0DO2,c)

1/2
exp

(
−2.3

2b
η

)
. (34)

Using an asymptotic approach[47], Perry et al. derive
quations for the catalyst layer under kinetic and mixed
etic and O2 mass transport control, respectively, simila
qs.(30) and (34)(i.e. particular case ofy10 = 2) [46]. Com-
aring Eqs.(30) and (34)the double Tafel slope is indicati
f mass transfer effects limiting the current density, while
oth cases the oxygen concentration dependence is o
rder.

In addition to kinetics and O2 mass transfer, the ionic co
uctivity could affect the performance of the catalyst la
xperimental results[40] indicated that current ratio me
ured at 0.7 V between the runs with 5 atm air and 2
2/N2 mixture with 13.5% O2, was around 2 instead of abo
, what would have been expected based on the first-ord2
artial pressure dependence (Eq.(34)). This limitation was
ttributed to ionic conductivity effects[40]. The latter could
e accommodated by using the ionic conductivity term
qs.(27) and (28)and determiningy16 in addition to the O2
ass transfer effect characterized byy10 = 2 as shown befor
hus, based on Eq.(28) with y10 = 2, the current density
roportional to the O2 concentration according to:

∼ Cy16+1
O2

. (35)

Substituting in Eq.(35)the cathode current densities m
ured at 0.7 V (Fig. 15, Ref.[40]), i.e., 11,500 A m−2 for 5 atm
ir and 6000 A m−2 for 2 atm O2/N2 mixture with 13.5% O2,
ayer is required to reduce the impact of the limiting tra
ort steps. Finally, Eq.(37)with η constant across the catal

ayer thickness implies that the ionic conductivity effect
ects not an ohmic control but a proton reactant (Eq.(2))
iffusion limitation.

Fig. 4 compares the effects of the various li
ting factors on the catalyst layer polarization
aviour for 5 atm air at 353 K according to Eqs.(30),
34) and (37), respectively, assuming no gas diffusi
acking layer limitation. The physico-chemical para

ers were:Zc = 10�m, κc = 0.25 S m−1, b = 0.085 V dec−1

40], ac = 2× 107 m2 m−3, DO2,c = 2 × 10−8 m2 s−1 [39]
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Fig. 5. Catalyst layer: Thiele modulus for electrode kineticsφE as a function
of π10. Conditions identical toFig. 4.

and CO2 = 4.96 mol m−3 corresponding to 5 atm air and
Henry’s constant of 2.04× 104 Pa m3 mol−1 calculated from
the formulae given by Bernardi and Verbrugge[4] for the O2
solubility in Nafion. The standard heterogeneous rate con-
stantk0 was 7.9× 10−11 m s−1, calculated from Eq.(3)using
i0 = 1.5× 10−4 A m−2 and CO2,ref = 4.9 mol m−3 for 1 bar
O2 pressure[39].

Additionally, the combined influence of electrode kinetics
and ohmic drop (i.e. assuming fast O2 transport) was plotted
using the equation derived by Perry et al. based on asymptotic
analysis[46]:

i =
√

2nO2Fack0CO2κcb

2.3
exp

(
−2.3

2b
η

)
. (38)

Fig. 5on the other hand, shows the same effects asFig. 4
but expressed in dimensionless form as the dependence of the
overpotential-dependent Thiele modulusφE as a function of
the O2 Nusselt number for the catalyst layer,π10.

As shown inFig. 4, superficial current densities up to
23,000 A m−2 could be achieved in the case of intrinsic
electrode kinetic control (Eq.(26)) with cathode overpo-
tentials −η ≤ 0.5 V. Both O2 and proton transport limita-
tions, separately and in combination, have the role of in-
creasing the overpotential required for a given superficial
c
i rpo-
t
o
m
o gher
w er-
f

π

p t
c ion

of the catalyst layer thickness in the latter scenario (physical
thickness of 10�m).

Based onFig. 5the parameterτ = �φE
�π10

could serve as an
indicator for the different operating regimes:

• Regime I: intrinsic electrode kineticsτ < 1,
• Regime II: electrode kinetic and O2 mass transportτ = 1,
• Regime III: electrode kinetic and ionic transportτ > 1, and
• Regime IV: electrode kinetics with O2 and ionic transport

τ 	 1.

The ohmic potential drop in both the electrolyte and elec-
tronic conductor phases of the catalyst layer can be expressed
with the dimensionless ratios given inTable 2. For the elec-
trolyte phase the correlating function is similar to the one de-
scribed for the bulk electrolyte-membrane (see Section4.1)
but in the expression of the dimensionless ratios the effective
values of the physico-chemical parameters are used. In the
case of the electronic conductor solid phase, Ohm’s law in di-
mensionless form is written as:π15 = π10π

−1
8 π−1

12 π−1
13 π−1

17 .
Furthermore, depending on the effective conductivities of the
two phasesσc andκc, the ohmic potential drop for the elec-
trolyte and/or solid phase can be included in the total po-
larization behaviour of the catalyst layer[24,46]. One way
to evaluate the importance of the ohmic drop is to compare
the charge-transfer and ohmic resistances by calculating the
W
W en
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π

π

π

urrent density. The combined limiting effect of O2 and
onic transport increases dramatically the cathode ove
ential, e.g. a current density of about 3000 A m−2 was
btained at an overpotential of−0.7 V (Fig. 4). In di-
ensionless form,Fig. 5 shows that at constantπ10 the

verpotential-dependent Thiele modulus was much hi
hen both ionic and O2 transport limited the electrode p

ormance.
The penetration depthνp,E according to Eq.(21) at

10 = 0.6 (i.e. 2300 A m−2) was about 15�m for O2 trans-
ort limitation and 0.4�m for both ionic and O2 transpor
ontrol. This result shows clearly the inefficient utilizat
agner numbers for the catalyst layer,Wa =κc(δη/δi)/Zc and
as =σc(δη/δi)/Zc, using the polarization expressions giv
y Eqs.(30), (34) and (37). ForWa, Was < 1 the ohmic resis

ance dominates and it must be accounted for in the pola
ion equation.

.3. Dimensionless numbers and monomial correlating
quations for the gas-diffusion (backing) layer

Table 3 shows the dimensionless numbers derived
he gas-diffusion layer using the Quraishi–Fahidy techni
ne goal for the gas-diffusion layer analysis is to ev
te the effect of mass transport on the O2 mole fraction
t the catalyst/gas diffusion-backing layer interface,xO2,1
seeFig. 1). Therefore, inTable 3 the O2 mole fraction
ifference across the diffuser has been employed,�xO2 =
O2,0 − xO2,1, wherexO2,0 is the inlet O2 mole fraction.

Relevant mass and momentum transport related di
ionless numbers characteristic for the gas-diffusion laye
Table 3): Schmidt numbers for the effective binary mixtu
iffusivities of O2–N2 π18, and water–airπ19, respectively

he water Reynolds number in the diffuserπ22, and the Nus
elt number for O2 mass transfer in the gas diffusion la
23 or π23,w (see also Eq.(8)):

23 = issO2ZdRT

nFDN2–O2,d�xO2pd
= NuE,d, (39)

23,w = issO2ZdRT

nFDw–air,d�xO2pd
= NuE,d,w, (40)
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where pd is the inlet air pressure at the cathode diffuser,
DN2–O2,d the effective binary O2–N2 diffusivity (a function
of wet-proofed pore volume fraction),Dw–air,d the effective
water–air binary diffusivity (a function of the total pore vol-
ume fraction in the absence of wet-proofing),is the superficial
current density in the diffuser solid phase (equal to the oper-
ating current densityit) andZd the diffusion layer thickness.

Eqs.(39) and (40)are based on the pseudohomogeneous
film model considering that the electrochemical reaction is
concentrated at the catalyst/gas-diffusion layer interface (po-
sition 1, Fig. 1). Moreover, Eqs.(39) and (40)distinguish
between two scenarios as suggested by the respective diffu-
sivities. Eq.(39)considers a separate network of hydrophobic
and hydrophilic pores in the diffuser (realized in practice by
addition of a wet-proofing agent such as PTFE) and con-
sequently, air diffuses exclusively through the hydrophobic
pore network. While Eq.(40), by employingDw–air,d inher-
ently implies that air and water share the same network of
pores.

The mass transfer limiting condition in Eqs.(39) and (40)
is given byxO2,1 = 0 (i.e., the O2 is completely consumed
by fast electrode reaction at the catalyst/gas-diffusion layer
interface). This leads to

π23,L = issO2ZdRT

nFDN2–O2,dxO2,0pd
= is

iL,O2,d
(41)
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In the case of separate hydrophobic and hydrophilic pore
networks in the diffuser maintained throughout the operation
of the fuel cell, Eq.(44) reduces to

xO2,1

xO2,0
= 1 − 1

y0,d
π23,L = 1 − 1

y0,d

is

iL,O2,d
. (45)

Substituting the mole fraction ratios for 1000, 5000 and
8000 A m−2 from Fig. 7 of Ref. [4], yields y0,d∼= 1. Thus,
Eq. (45) is consistent with the familiar form of the surface
concentration obtained using Fick’s law.

The ohmic potential drop in the solid electronic conductor
phase can be expressed in a dimensionless form as

π24 = y′
0,dπ

y18
18 πy22

22 πy23
23 πy25

25 , (46)

wherey′
0,d = 1, y23 = 1 andy18 = y22 = y25 =−1, yields the

expression for Ohm’s law.

4.4. Applications

Sensitivity analysis is performed on the developed corre-
lating equations with respect to key variables and exponents
such asy10 in Eq. (32) controlling the multiple-Tafel slope
value of the mixed: kinetic and O2 mass transfer regime,y22
in Eq.(43)indicative of diffusion-backing layer flooding and
the combined influence of catalyst layer thickness and ef-
f ,
t ding
t -
p used
t
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E ed
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F ed,
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nd

23,L,w = issO2ZdRT

nFDw–air,dxO2,0pd
= is

iL,O2,d,w
, (42)

hereiL,O2,d, andiL,O2,d,w are the gas diffuser mass trans
imited superficial current densities without and with in
erence from a co-diffusing water phase, respectively.

A monomial correlating equation for the case of sha
ore network can be written as

23,w = y0,dπ
y22
22 i.e., NuE,d,w = y0,d Rey22

w . (43)

A high Rew in the diffuser describing water flow fro
he catalyst layer into the gas diffusion layer (i.e., flood
mpedes the O2 gas transport and reducesNuE,d,w in other
ords,�xO2 = xO2,0 − xO2,1 increases. Therefore,y22 < 0

n the case of backing-diffusion layer flooding.
Substituting the corresponding dimensionless ratios in

43) givesxO2,1 in the scenario of shared pore network
oth air and water:

xO2,1

xO2,0
= 1 − 1

y0,d

(
issO2ZdRT

nFDw–air,dxO2,0pd

)(
v0,dρZd

µ

)−y22

= 1 − 1

y0,d
π23,L,w Rey22

w . (44)

s an example, using the superficial water velocities repo
y Bernardi and Verbrugge at 4000 and 6000 A m−2 (Fig. 9,
ef.[5]) and assuming�xO2 = 0.05xO2,0 for the former and
xO2 = 0.1xO2,0 for the latter superficial current density, E

44)yieldsy22 =−0.45 andy0,d= 10.
ective conductivity on regime IV (Eq.(37)). Furthermore
he dimensional analysis-based model predictions inclu
he membrane ohmic drop described by Eq.(13), are com
ared with experimental data independent of the those

o develop these correlations.
Fig. 6 shows the effect ofy10 on the cathode potenti

oc +η for air pressure of 5 atm, at 353 K. It was assum
hat the open-circuit valueEoc = 0.98 V due to the establis
ent of a mixed potential on the cathode surface. A sep
ydrophilic–hydrophobic pore network was considered in
iffuser expressed by Eq.(45) (i.e. no gas diffuser floodin

imitation). The catalyst layer thickness was 25�m and the
pecific surface area of the catalyst 2× 109 m2 m−3. The res

ig. 6. Effect of parametery10 on the catalyst layer polarization under mix
lectrode kinetic and O2 mass transfer control. 5 atm air pressure, 353
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Fig. 7. Effect of diffuser flooding on the catalyst layer polarization under
mixed, electrode kinetic and O2 mass transfer control withy10 = 2. 5 atm air
pressure, 353 K.

of the physico-chemical data was given in Section4.2. The
dimensionless numberπ10 could serve as an indicator of in-
trinsic kinetic or mixed (kinetic and O2 transport) control. Un-
der the conditions ofFig. 6, Eqs.(30)for kinetic and(32)for
mixed control (regime II), respectively, intersect atπ10 = 0.4.
Regime II dominates atπ10 > 0.4 with y10 (multiple-Tafel
slope value) affecting the polarization behaviour, whilst for
π10≤ 0.4 the polarization behaviour is described by regime I
(i.e. intrinsic electrode kinetic control).Fig. 6shows that the
transition between the two regimes occurred at 1500 A m−2.

In regime II the O2 penetration depth becomes smaller than
the physical thickness of the catalyst layer. In other words, the
y10 effect is a reflection of the different oxygen permeabilities
of the catalyst layer.

Fig. 7shows the effect of diffuser flooding on the polariza-
tion behaviour using Eq.(44) to calculate the O2 concentra-
tion at the diffuser/catalyst layer interface. Threey22 values
were compared,−0.6,−0.65 and−0.7, respectively, whilst
y0,d= 10 (Section4.3) andy10 = 2. The diffuser thickness was
260�m. The rest of the physico-chemical parameters were
the same as presented previously.Fig. 7 reveals that the dif-
fuser flooding can be succinctly described by Eqs.(43) and
(44)coupled with Eq.(32) for regime II. Thus, the proposed
monomial correlations eliminate the need for the exponential
term used previously in the literature to model empirically the
O mass transfer (Eq.(1)) [18]. The more negativey the
m mis-
i lored
i nce
o ore
n d in
t
r

riza-
t ct of
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t e

Fig. 8. Comparison between regime II (kinetic and O2 mass transfer control)
and regime IV (kinetic, O2 and ionic mass transfer limitation) for catalyst
layer polarization. 5 atm air pressure, 353 K, catalyst layer thickness: 5 and
25�m, effective ionic conductivity of the catalyst layer 0.25 and 2.5 S m−1.

of both ionic and O2 transport limitation (regime IV) for a
given overpotential the current density is proportional to the
square root of the catalyst layer thickness, whilst for intrinsic
O2 mass transport control (Eq.(34), regime II), the polariza-
tion behaviour is independent of thickness.Fig. 8compares
the two polarization regimes II and IV, in the case of 5 and
25�m catalyst layer thickness and 0.25–2.5 S m−1 protonic
conductivity, respectively. It was assumed that the cathode
is not limited by diffuser flooding and the specific catalyst
surface area is the same in all cases. Under the conditions of
Fig. 8, the combined limitation of proton and O2 transport
in the catalyst layer decreases the cathode potential between
about 0.2 and 0.6 V at current densities above 1000 A m−2.
Based onFig. 8, a 10 times decrease ofκc and a 5 times in-
crease ofZc lower the cathode potential by approximately the
same amount. Thus, the relative effect of the catalyst layer
thickness is higher compared to the protonic conductivity.

Lastly, the effect of membrane ohmic loss as described by
Eq.(13)is analyzed in addition to the cathode polarization be-
haviour, by comparison with recently obtained experimental
data. The polarization curves for a 25 cm2 active geometric
area fuel cell composed of Toray carbon paper gas diffusion
layer, 0.5 mg cm−2 Pt load (i.e. 20 wt.% Pt on Vulcan XC-72)
and Nafion 115 were recorded at 353 K and 2.5 atm pressure
on both air and H2 side under two conditions: un-hydrated
new MEA and conditioned (i.e. fully hydrated) MEA. The
M al-
v tage
d

relat-
i nder
t ted
t ex-
a lst
t ave
0 re-
s ith
2 22
ore severe the diffuser-backing layer flooding, compro

ng the cathode performance. Under the conditions exp
n Fig. 7at 5000 A m−2 the cathode potential in the abse
f flooding (i.e. separate hydrophilic and hydrophobic p
etwork) was 0.67 V, while 0.62 and 0.47 V were obtaine

he case of flooding characterized byy22 =−0.65 and−0.7,
espectively (Fig. 7).

The proton transport influence on the cathode pola
ion behaviour can be detected by the combined effe
he catalyst layer thicknessZc and specific protonic condu
ivity κc. Assumingy10 = 2, Eq.(37) shows that in the cas
EA conditioning was achieved by running the cell in g
anostatic mode at three different loads until the cell vol
rift was below 1 mV per hour for two consecutive hours[48].

The goal was to evaluate whether the developed cor
ng equations could predict the single-cell behaviour u
wo significantly different operating conditions. As expec
he performance of the unconditioned MEA was poor, for
mple at 7000 A m−2 the cell voltage was about 0.3 V, whi

he fully hydrated MEA at the same current density g
.57 V (Fig. 9). For both cases the modeling equations
ulting from dimensional analysis showed a good fit w
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Fig. 9. Comparison between experimental data and model prediction based
on correlating equations among dimensionless numbers for conditioned and
unconditioned MEA operated at 2.5 atm air and H2 pressure, 353 K.

the experimental data (Fig. 9). It must be noted that in the
model the contribution of the H2 oxidation overpotential was
neglected for the sake of simplicity.

The conditioned MEA results (Fig. 9) were modeled
by coupling the membrane ohmic drop given by Eq.(16)
with y4 =−1 (i.e. no hydrostatic pressure difference effect)
with the following catalyst layer polarization models: intrin-
sic kinetic control (Eq.(30) with i0 = 6× 10−4 A m−2 and
b = 0.085 V) up to 750 A m−2, and mixed, kinetic and mass
transfer control expressed by Eq.(32) with y10 = 2, with-
out gas diffuser flooding for 9500≥ i ≥ 750 A m−2 and with
gas diffuser flooding (Eq.(44), y22 =−0.65 andy0,d= 30) for
i ≥ 10,000 A m−2. The abrupt voltage drop in the case of the
unconditioned MEA on the other hand, could be described
by the previously employed membrane ohmic drop equation
(16)in conjunction with the regime III catalyst layer polariza-
tion equation(38) expressing mixed kinetic and ohmic drop
limitation (κc = 4 S m−1), coupled with diffuser flooding for
i ≥ 4000 A m−2. Thus, it could be concluded that the correla-
tions among dimensionless numbers could lead to practically
useful models of the MEA performance and moreover, they
could offer insights into the phenomena responsible for the
polarization behaviour without increased mathematical com-
plexity.
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a ence
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the catalyst layer under combinations of electrode kinet-
ics, oxygen and/or ionic transport limitations (Eq.(25))
and the mass transfer in the gas diffuser (Eqs.(44) and
(45)). The dimensionless correlations were validated against
experimental data and/or independent mathematical model-
ing results reported in the literature.

A dimensional analysis-based approach coupled with a
mathematical model of the fuel cell systems could be use-
ful to quantify and analyze new experimental data for a
wide range of conditions by determining the exponents
and coefficientsyi in the corresponding monomial correla-
tions. It is proposed that using representative single cells
for a specific fuel cell stack development, a data bank of
yi exponents/coefficients could be generated for a variety
of operating conditions, by fitting the experimental data to
the various correlating functions. In the case whenyi is
dependent on the employed range of the variables (e.g.,
low current density experiments yield a set of values dif-
ferent than those obtained at high current densities), in-
terpolation of the dimensionless correlation could be per-
formed according to the method developed by Churchill
and Usagi[27]. The monomial correlations for the MEA
in conjunction with the experimentally determinedyi expo-
nent/coefficient data bank could be easily implemented in
more complex, design specific, mathematical models of the
fuel cell stack.
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. Conclusions

The Quraishi–Fahidy dimensional analysis techn
as employed to derive characteristic dimensionless n
ers for the membrane-gas diffusion electrode asse

n polymer electrolyte fuel cells. It was shown for
rst time that monomial correlating functions among
ensionless ratios could be used to describe conc
nd in an easy to use form, the non-linear depend
f the membrane ohmic drop as a function of ope

ng conditions (Eq.(12)), the polarization behaviour
Lastly, while the present dimensional analysis has bee
lied to the equations of the Bernardi–Verbrugge PEM
ell model, it is envisaged that a similar procedure coul
mployed for other models of the PEM fuel cell and for dif
nt fuel cell types such as solid oxide and molten carbo
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ppendix A. Membrane characteristics

Table A1lists the physical properties and the ionic (fix
egative charge-site) concentrations for the 1100 equiv
eight series Nafion (i.e., N112, NE1135, N115 and N1
nd Dow membranes relevant to the present work.

The fixed charge-site concentrationCf and the equivalen
eight EW are given by the following equations:

f = AC

|zf |
BW

Zm
(A.1)
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and

EW = 1

AC
, (A.2)

where AC is acid (or proton exchange) capacity (eq kg−1),
BW the membrane basis weight (kg m−2) and Zm the wet
membrane thickness (m).

The hydraulic and electrokinetic permeabilities of the
membranes at 353–368 K were[5]: kp = 1.8× 10−18 m2 for
both Nafion and Dow, whilekΦ = 7.19× 10−20 m2 for Nafion
and 1.13× 10−19 m2 for Dow membranes, respectively.

For N117 the membrane specific conductivities under
open-circuit conditionκ0 for Figs. 2 and 3were calculated
employingλ = 11 and 16, respectively, in Eq.(11). Thusκ0
is equal to 13.2 S m−1 for conditions relevant toFig. 3 and
10.3 S m−1 for Fig. 2, respectively. For the rest of the Nafion
membranesκ0 was obtained by applying the thickness cor-
rection factors with respect toκ0,N117derived from the work
of Büchi and Scherer[34]:

κ0,N117

κ0,N112
= 1.26,

κ0,N117

κ0,NE1135
= 1.18 and

κ0,N117

κ0,N115
= 1.07. (A.3)

In the case of the Dow membrane at 368 K, it was assumed
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